SYMPLECTIC SINGULARITIES 



WOJCIECH DOMITRZ AND ZANETA TREBSKA 



Abstract. We study the local symplectic algebra of the 1-dimensional iso- 
lated complete intersection singularity of type S^. We use the method of 
algebraic restrictions to classify symplectic 5^ singularities. We distinguish 
these symplectic singularities by discrete symplectic invariants. We also give 
the geometric description of them. 

1. Introduction 

In this paper we study the symplectic classification of the l-dimensional complete 
intersection singularity of type Sf^ in the symplectic space (M^",a;). We recall 
that a; is a symplectic form if w is a smooth nondegenerate closed 2-form, and 
$ : R^" — > M^" is a symplectomorphism if $ is a diffeomorphism and $*a; = oj. 

Definition 1.1. Let Ni,N2 be germs of subsets of symplectic space (M^",a;). 
Ni,N2 are symplectically equivalent if there exists a symplectomorphism-germ 

$ : (R2»^a,) ^ (m2«^^) g^pjj ^i-^g^^ $(iVi) = iV2. 

The problem of symplectic classification of singular curves was introduced by V. 
I. Arnold in |A1| . Arnold proved that the singularity of a planar curve (the 
orbit with respect to standard ^-equivalence of parameterized curves) split into 
exactly 2k + I symplectic singularities (orbits with respect to symplectic equiva- 
lence of parameterized curves). He distinguished different symplectic singularities 
by different orders of tangency of the parameterized curve to the nearest smooth 
Lagrangian submanifold. Arnold posed a problem of expressing these new sym- 
plectic invariants in terms of the local algebra's interaction with the symplectic 
structure and he proposed to call this interaction the local symplectic algebra. 

In |IJ1| G. Ishikawa and S. Janeczko classified symplectic singularities of curves 
in the 2-dimensional symplectic space. All simple curves in this classification are 
quasi-homogeneous. A symplectic form on a 2-dimensional manifold is a special 
case of a volume form on a smooth manifold. The generalization of results in 
[IJlj to volume-preserving classification of singular varieties and maps in arbitrary 
dimensions was obtained in |DR| . The orbit of action of all diffeomorphism-germs 
agrees with volume-preserving orbit or splits into two volume-preserving orbits (in 
the case K = R) for germs which satisfy a special weak form of quasi-homogeneity 
e.g. the weak quasi-homogeneity of varieties is a quasi-homogeneity with non- 
negative weights Wi > and J^i > 0- 
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Symplectic singularity is stably simple if it is simple and remains simple if the 
ambient symplectic space is symplectically embedded (i.e. as a symplectic subman- 
ifold) into a larger symplectic space. In [K] P. A. Kolgushkin classified the stably 
simple symplectic singularities of parameterized curves (in the C-analytic category). 
All stably simple symplectic singularities of curves are quasi-homogeneous too. 

In fDJZ2' new symplectic invariants of singular quasi-homogeneous subsets of a 
symplectic space were explained by the algebraic restrictions of the symplectic form 
to these subsets. The algebraic restriction is an equivalence class of the following 
relation on the space of differential fc-forms: 

Differential /c-forms wi and uj2 have the same algebraic restriction to a subset 
N if ioi — LU2 = a + dp, where a is a fc-form vanishing on N and /3 is a (fc — l)-form 
vanishing on A'^. 

In }DJZ2| the generalization of Darboux-Givental theorem ( |AGj ) to germs of 
arbitrary subsets of the symplectic space was obtained. This result reduces the 
problem of symplectic classification of germs of quasi-homogeneous subsets to the 
problem of classification of algebraic restrictions of symplectic forms to these sub- 
sets. For non-quasi-homogeneous subsets there is one more cohomological invariant 
except the algebraic restriction ( |DJZ2) . jPJZlj ). The dimension of the space of 
algebraic restrictions of closed 2-forms to a 1-dimensional quasi-homogeneous iso- 
lated complete intersection singularity C is equal to the multiplicity of C QDJZ2| ). 
In it was proved that the space of algebraic restrictions of closed 2-forms to a 
1-dimensional (singular) analytic variety is finite-dimensional. 

In [DJZ2| the method of algebraic restrictions was applied to various classification 
problems in a symplectic space. In particular the complete symplectic classification 
of the classical 1-dimensional singularity were obtained. Most of different sym- 
plectic singularity classes were distinguished by new discrete symplectic invariants: 
the index of isotropy and the symplectic multiplicity. 

In this paper we obtain the complete symplectic classification of the classical 
isolated complete intersection singularity for /i > 5 using the method of alge- 
braic restrictions (Theorem 14. ip . We calculate discrete symplectic invariants for 
this classification (Theorems 14.61 and 14.41) and we present geometric descriptions of 
symplectic orbits (Theorem 14. 9p . 

In [DTI following ideas from I All and [D] new discrete symplectic invariants - 
the Lagrangian tangency orders were introduced and used to distinguish symplectic 
singularities of simple planar curves of type A — D — E, symplectic 5*5 and 
singularities. 

In this paper using Lagrangian tangency orders we are able to give detailed 
classification of singularity for fi > 5 (Theorem 14. 6p and to present a geometric 
description of its symplectic orbits (Theorem 14. 9|) . 

The paper is organized as follows. In section [2] we recall the method of algebraic 
restrictions. In section [3] we present discrete symplectic invariants. Symplectic 
classification of S*^ singularity is studied in section |4l 

2. The method of algebraic restrictions 

In this section we present basic facts on the method of algebraic restrictions. 
The proofs of all results of this section can be found in |DJZ2j . 

Given a germ of a non-singular manifold M denote by Ap{M) the space of all 
germs at of differential p-forms on M. Given a subset N C M introduce the 
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following subspaces of Ap{M): 

AP,(M) ^ {uj e AP{M) : uj{x) = for any x G N}; 

A^oiN, M) = {a + d/3 : a G A^(Af), (3 e A^"^(Af).} 
The relation = means that the p-form uj annihilates any p-tuple of vectors 
in T^M , i.e. all coefficients of u in some (and then any) local coordinate system 
vanish at the point x. 

Definition 2.1. Let N be the germ of a subset of M and let lu G Ap{M). The 
algebraic restriction of to is the equivalence class of u! in Af{M), where the 
equivalence is as follows: uj is equivalent to ii if a; — G ^q(A^, M). 

Notation. The algebraic restriction of the germ of a p-form w on M to the germ 
of a subset N C M will be denoted by [wJat. Writing [wjjv =0 (or saying that w 
has zero algebraic restriction to N) we mean that = [0]n, i-e. uj G ^o(^' ^'^)- 

Let M and M be non-singular equal-dimensional manifolds and let $ : Af M 
be a local diffeomorphism. Let be a subset of M. It is clear that ^*Aq{N, M) — 
^g($~^(iV),M). Therefore the action of the group of diffeomorphisms can be 
defined as follows: $*([a;]Ar) = [$*aj]$-i(jv)j where lo is an arbitrary p-form on M. 

Definition 2.2. Two algebraic restrictions [wjjv and [w]^ are called diffeomor- 
phic if there exists the germ of a diffeomorphism $ : Af ^> M such that ^{N) — N 
and $*(MAr) = [2]^. 

Remark 2.3. The above definition does not depend on the choice of w and lu since 
a local diffeomorphism maps forms with zero algebraic restriction to N to forms 
with zero algebraic restrictions to N. If M = M and N = N then the definition 
of diffeomorphic algebraic restrictions reduces to the following one: two algebraic 
restrictions [wjjv and [uj]n are diffeomorphic if there exists a local symmetry $ of 
N (i.e. a local diffeomorphism preserving N) such that [$*w]Ar = [uj]N- 

Definition 2.4. A subset N of is quasi-homogeneous if there exists a coordinate 
system (xi,-- - ,Xm) on M™ and positive numbers Ai,-- - , A„ such that for any 
point (?/i, • • • , Dm) G K™ and any t G M if (t/i, • ■ • , ym) belongs to N then a point 
{t^'yi, ■ ■ ■ ,t^"^ym) belongs to N. 

The method of algebraic restrictions applied to singular quasi-homogeneous sub- 
sets is based on the following theorem. 

Theorem 2.5 (Theorem A in |DJZ2] ). Let N be the germ of a quasi-homogeneous 
subset of M^". Let ujq^uji be germs of symplectic forms on R^" with the same 
algebraic restriction to N . There exists a local diffeomorphism $ such that ^(x) = x 
for any x N and ^*uji — ujq. 

Two germs of quasi-homogeneous subsets Ni,N2 of a fixed symplectic space 
(M^",u;) are symplectomorphic if and only if the algebraic restrictions of the sym- 
plectic form UJ to Ni and N2 are diffeomorphic. 

Theorem 12.51 reduces the problem of symplectic classification of germs of sin- 
gular quasi-homogeneous subsets to the problem of diffeomorphic classification of 
algebraic restrictions of the germ of the symplectic form to the germs of singular 
quasi-homogeneous subsets. 
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The geometric meaning of zero algebraic restriction is explained by the following 
theorem. 

Theorem 2.6 (Theorem B in |DJZ2] ). The germ of a quasi-homogeneous set N of 
a symplectic space (M^",ti;) is contained in a non-singular Lagrangian submanifold 
if and only if the symplectic form tu has zero algebraic restriction to N . 

Proposition 2.7 (Lemma 2.20 in jDJZ2j ). Let N C R™. Let W C TqIR'" be the 
tangent space to some (and then any) non-singular submanifold containing N of 
minimal dimension within such submanifolds. If lj is the germ of a p-form with 
zero algebraic restriction to N then lo\v/ = 0. 

The following result shows that the method of algebraic restrictions is very pow- 
erful tool in symplectic classification of singular curves. 

Theorem 2.8 (Theorem 2 in [D]). Let C be the germ of a M^- analytic curve (for 
K = R or K = C). Then the space of algebraic restrictions of germs of closed 
2-forms to C is a finite dimensional vector space. 

By a K-analytic curve we understand a subset of K™ which is locally diffeo- 
morphic to a 1-dimensional (possibly singular) K-analytic subvariety of K™. Germs 
of C-analytic parameterized curves can be identified with germs of irreducible C- 
analytic curves. 

We now recall basic properties of algebraic restrictions which are useful for a 
description of this subset f jDJZ2] ). 

First we can reduce the dimension of the manifold we consider due to the fol- 
lowing propositions. 

If the germ of a set TV C M™ is contained in a non-singular submanifold M C M™ 
then the classification of algebraic restrictions to N of p-forms on M™ reduces to 
the classification of algebraic restrictions to N of p- forms on AI. At first note that 
the algebraic restrictions [ijj]n and [wIta/In '^^^^ be identified: 

Proposition 2.9. Let N be the germ at of a subset o/M'" contained in a non- 
singular submanifold M C M'" and let U}i,uj2 be p-forms on M'". Then [uji]n = 
[i^2]N if and only if [wi|ta/]^ = [w2|ta/]^- 

The following, less obvious statement, means that the orbits of the algebraic 
restrictions [uj]n and [a;|TA/]„ also can be identified. 

Proposition 2.10. Let Ni,N2 be germs of subsets o/ M™ contained in equal- 
dimensional non- singular submanifolds Mi, M2 respectively. Letuji,uj2 be two germs 
of p-forms. The algebraic restrictions [1^1] and [ijJ2\n2 '^'^^ diffeomorphic if and 
only if the algebraic restrictions \^^i\tMi\ o,nd [<^2\tM2\ '""e diffeomorphic. 

To calculate the space of algebraic restrictions of 2-forms we will use the following 
obvious properties. 

Proposition 2.11. // w G ^g(iV,M2") then dw e ^1^+^ (iV, M^") and lj A a e 
Ao'^^{N,R'^'') for any p-form a on E^". 

The next step of our calculation is the description of the subspace of algebraic 
restriction of closed 2-forms. The following proposition is very useful for this step. 

Proposition 2.12. Let ai, . . . ,ak be a basis of the space of algebraic restrictions 
of 2-forms to N satisfying the following conditions 
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(1) dai = ■ ■ ■ = daj = 0, 

(2) the algebraic restrictions daj+i, . . . , dat are linearly independent. 

Then ai,. . . ,aj is a basis of the space of algebraic restriction of closed 2-forms to 
N. 

Then we need to determine which algebraic restrictions of closed 2-forms are 
realizable by symplectic forms. This is possible due to the following fact. 

Proposition 2.13. Let N C M'^". Let r be the minimal dimension of non- singular 
submanifolds o/ M'^" containing N. Let M be one of such r-dimensional submani- 
folds. The algebraic restriction [6]pf of the germ of closed 2-form 9 is realizable by 
the germ of a symplectic form on M^" if and only if rank{9\ToM) > 2r — 2n. 

Let us fix the following notations: 

• [A^(R^")]^: the vector space consisting of algebraic restrictions of germs of all 
2-forms on M^" to the germ of a subset N C M^"; 

• [Z^(R^")]jy: the subspace of [A^(R^")]j^ consisting of algebraic restrictions of 
germs of all closed 2-forms on K^" to N; 

• [Symp(R^")] ^: the open set in [Z^(R^")]^ consisting of algebraic restrictions 
of germs of all symplectic 2-forms on R^" to N. 

3. Discrete symplectic invariants. 

We can use some discrete symplectic invariants to characterize simplectic sin- 
gularity classes. They show how far is a curve N from the closest non-singular 
Lagrangian submanifold. 

The first one is a symplectic multiplicity ( |DJZ2] ) introduced in [IJl] as a sym- 
plectic defect of a curve. 

Let be a germ of a subset of {M.'^",uj). 

Definition 3.1. The symplectic multiplicity fisympi{N) of N is the codimension 
of a symplectic orbit of N in an orbit of with respect to the action of the group 
of local diffeomorphisms. 

The second one is the index of isotropy |DJZ2] . 

Definition 3.2. The index of isotropy i.{N) of N is the maximal order of van- 
ishing of the 2-forms uj\tm over all smooth submanifolds M containing TV. 

They can be described in terms of algebraic restrictions. 

Proposition 3.3 ( [DJZ2| ). The symplectic multiplicity of the germ of a quasi- 
homogeneous subset N in a symplectic space is equal to the codimension of the orbit 
of the algebraic restriction [uj]n with respect to the group of local diffeomorphisms 
preserving N in the space of algebraic restrictions of closed 2-forms to N . 

Proposition 3.4 ( [DJZ2j ). The index of isotropy of the germ of a quasi- homogeneous 
subset N in a symplectic space (R^",w) is equal to the maximal order of vanishing 
of closed 2-forms representing the algebraic restriction [wJat- 

One more discrete symplectic invariant were introduced in [D] following ideas 
from jAlj which is defined specifically for a parameterized curve. This is the max- 
imal tangency order of a curve / : R — > Af to a smooth Lagrangian submanifold. 
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If Hi = ... = Hn = define a smooth submanifold L in the symplectic space then 
the tangency order of a curve / : M — > 7\f to L is the minimum of the orders of 
vanishing at of functions i/i o /, • ■ • , Hn o f. We denote the tangency order of / 
toLby 

Definition 3.5. Tlic Lagrangian tangency order Lt{f) of a curve / is the 

maximum of t{f, L) over all smooth Lagrangian submanifolds L of the symplectic 
space. 

The Lagrangian tangency order of a quasi-homogeneous curve in a symplectic 
space can also be expressed in terms of algebraic restrictions. 

Proposition 3.6 (^D ). Let f be the germ of a quasi-homogeneous curve such 
that the algebraic restriction of a symplectic form to it can be represented by a 
closed 2- form vanishing at 0. Then the Lagrangian tangency order of the germ of 
a quasi-homogeneous curve f is the maximum of the order of vanishing on f over 
all l-forms a such that [uj]f — [da\f 

In |DT| the above invariant were generalized for germs of curves and multi-germs 
of curves which may be parameterized analytically since Lagrangian tangency order 
is the same for every 'good' analytic parameterization of a curve. 

Consider a multi-germ .r } of analytically parameterized curves fi. For 

any smooth submanifold L in the symplectic space we have r-tuples {t{fi , L), ■ ■ ■ , t{fr , 

Definition 3.7. For any / C {1, • • • , r} we define tiie tangency order of the 
multi-germ to L: 

t[{fi)ie I,L] = mmt{fi,L). 
le I 

Definition 3.8. The Lagrangian tangency order Lt{{fi)i^ j) of a multi-germ 

{fi)iei is the maximum of t[{fi)i^ /, L] over all smooth Lagrangian submanifolds L 
of the symplectic space. 

For multi-germs one can also define relative invariants according to selected 
branches or collections of branches |DT] . 

Definition 3.9. For fixed j € I the Lagrangian tangency order related 

to fj of a multi-germ {fi)iei denoted by Lt[{fi)i^j : fj] is the maximum of 
t[{fi)i(^i\[j], L] over all smooth Lagrangian submanifolds L of the symplectic space 
for which t{fj,L) = Lt{fj). 

These invariants have geometric interpretation. If Lt{fi) = oo then a branch fi 
is included in a smooth Lagrangian submanifold. If Lt[{fi)i^ j) = oo then exists a 
Lagrangian submanifold including all curves fi for i E I. 

We may use these invariants for distinguishing symplectic singularities. 
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4. Symplectic 5^-singularities 

Denote by {S^) (for /i > 5) the class of varieties in a fixed symplectic space 
which are diffeomorphic to 

(4.1) Sf, = {xe M2«>4 . _ ^2 _ ^^-3 ^ ^^^^ ^ ^ 

This is the classical 1-dimensional isolated complete intersection singularity. Let 
N S (S'/i). Then N is the union of two 1-dimensional components invariant under 
action of local diffcomorphisms preserving A'^: Ci - diffeomorphic to Ai singularity 
and C'2 - diffeomorphic to A^_4 singularity. N is quasi-homogeneous with weights 
w{xi) ~ w{x2) = /i — 3, ^(xs) — 2 when /i is an even number, or w{xi) = ^(2:2) = 
(/I — 3)/2, w(x3) = 1 when /x is an odd number. In our paper we often use the 
notation r = /i — 3. 

We will use the method of algebraic restrictions to obtain a complete classifica- 
tion of symplectic singularities in (S^) presented in the following theorem. 

Theorem 4.1. Any stratified submanifold of the symplectic space (M^", Y^^=i dpi A 
dqi) which is diffeomorphic to is symplectically equivalent to one and only one 
of the normal forms S^^^ . The parameters ci of the normal forms are moduli. 

Si - Pl-pl-ql^ 0, p2qi =0, 92 = cigi - C2P1, _p>3 ^ q>3 0; 

S'^ 2(1 < < M - 5) : pi - P? - q[ = 0, pi-zi - 0, 92 - C3P1 + ^g^S 

P>3 = q>3 = 0, C4+k ^ 0; 
^'^''2 ■ P2-P1- I1 = 0, Piqi ==0, 92 = C3P1 -f , p>3 = g>3 = 0, C3C^ = 0; 
Sl+^{1 <k<^i-Q):pl~ql-qJ^^O, qiq2 = 0, P2 = PiqUc4+k + C5+kq2), 

p>3 = q>3 = 0, c4+k 0; 

Sll^r : Pi - 9i - 92 = 0, (7192 = 0, p2 = c^-ipigj"^, P>3 = 9>3 = 0; 

Sf,-^ : Pi - P2 - P3 0> -P2P3 = 0, qi = \pI, q2 = -C4P1P3, P>4 = g>3 = 0; 

^2+^,1 (2 <k<fi-A):pl-pl-p^ = 0, P2P3 - 0, gi - xfr^^'' ^2 = -piP3, 

p>4 = q>3 = 0, (C4+fe ^ for 2 < k < fj. - 5); 
^3+fc,fc(2<fc</i-4):p2-p2_p^^0, P2P3 = 0, = p>4 = 9>2^0; 

Sf,- pI-pI-pI^ 0, P2P3 = 0, p>4 = q>i = 0, 

(by r we denote fi — 3). 

In section [01 we calculate the manifolds [Symp(R2")]5^ and classify its algebraic 
restrictions. This allows us to decompose 5^ into symplectic singularity classes. In 
section 14.21 we transfer the normal forms for algebraic restrictions to symplectic 
normal forms to obtain the proof of Theorem 14. II In section 231 we use Lagrangian 
tangency orders to distinguish more symplectic singularity classes. In section 
we propose a geometric description of these singularities which confirms this more 
detailed classification. Some of the proofs are presented in section l475l 

4.1. Algebraic restrictions and their classification. One has the relations for 
(5^)-singularites 

(4.2) [d{x2X3)]s^ = [X2dx3 + X3dx2]s,, = 

(4.3) [d{xl - x\- X3^^)]5^ = [2xidxi - 2x2dx2 - {p - 3)x'j^~'^dx3]s^ = 
Multiplying these relations by suitable 1-forms we obtain the relations in Table [TJ 
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relations 


proof 


1. 


[x2dx2 A dx:i]N — 


(IT2l)AdT2 


2. 


[x[idx2 A dx3]N — 


(jT2l)Ada3 


3. 


[xidxi A dx2]N ~ 


(I4.3|IA da;2 and row 2. 


4. 


[xidxi A dssjjv = 


(I4.3|IA da;3 and row 1. 


5. 


[xsdxi A da;2]jv = [^2^x3 A dxijjv 


(IT2l)Adxi 


6. 


[2x2dxi A dx2]]v — {fi ~ 3)[xt^^'^dx3 A da;i]Ar 


(jT3l)Arfai 


7. 


[xldx2 A disliv = 


rows 1. and 2. 
and [a;i]jv = [x2 + X3~^]n 


8. 


[a;3da;i A dx2]jv = 


(|4.2pAx.qda:i and [a;2a;3]]v = 


9. 


[x2dxi A cix2]jv = 


(|4.3pA 3:9^3:1 and [a:2a;3]]v = 



Table 1. Relations towards calculating [A^(R^")]jv for N ^ 



Table [T] and Proposition 12.111 easily imply the following proposition: 

Proposition 4.2. [A^(M^")]5^^ is a ^ + 1- dimensional vector space spanned by the 
algebraic restrictions to S'p of the 2-forms 

01 = dxi A dxa, 62 — dx2 A dx^, 9^ = dxi A dx2^ 

ci ~ x^dxi A dx2, (72 = Xidx2 A dx^, 

04_i_fe = x^dxi A dxa, liZa 1 < fc < /i — 4. 

Proposition 14.21 and results of section [2] imply the following description of the 
space [Z2(R2")]5^ and the manifold [Symp(R2"]^^^ . 

Proposition 4.3. The space [Z'^(M.'^")]s^ has dimension fi. It is spanned by the 
algebraic restrictions to 5*^ of the 2-forms 

Si, 02,03, 6*4 = 0-1 -(T2, 04^+k ^ x^dxi Adx3, for 1 < k < fi - i. 
Ifn>3 then [Symp(M2")]5^^ ^ [^^(R^")]^^. The manifold [Symp(R4)]s^ is an 
open part of the ji-space [Z^(R^)]5^_ consisting of algebraic restrictions of the form 
[ciOi H Vc^Ofj\s^^ such that (01,02,03) ^ (0,0,0). 

Theorem 4.4. 

(i) Any algebraic restriction in [Z^(R^")]5^ can be brought by a symmetry of 
to one of the normal forms [5^]''-' given in the second column of Table\^ 

(ii) The singularity classes corresponding to the normal forms are disjoint; 
(Hi) The parameters Ci of the normal forms [S'^]*'-' are moduli. 

(iv) The codimension in [2'^(R^")]5^^ of the singularity class corresponding to the 
normal form [Sp^Y'-' is equal to i. 

The proof of Theorem 14.41 is presented in section 14.51 

In the first column of Table[2]by (S'^)*'-' we denote a subclass of (5*^) consisting 
of £ (S^) such that the algebraic restriction [cj]jv is diffeomorphic to some 
algebraic restriction of the normal form [Sfj_Y'^ where i is the codimension of the 
class and j denotes index of isotropness of the class. Classes (5^)2 and (5*^)^ can be 
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i. 1 VJl lllcLl H_J± illo H_J± entity U± CllV-/ ± t-O IJ-L IV-/ ulWlXiD 


cod 


sym 


ind 


{S^f (2n > 4) 







2 





[3^)2 (2n > 4) 
for 1 < k < n —5 


[•S'Mla : [f2 + C36»3 + C4+k04+k]s^ 
C4-|.fe/0 


fc 


fc + 2 





iS^)t^-^ (2n>4) 


[S-pir" : [^2 + £36*3 + c^^mIs^ - C3C^ = 


M-4 


/i — 3 





(5'^),+'' (2n > 4) 
for 1 < k < n —6 


r 1 1 ~l~ ^ f/D 1 /D 1 /D 1 

P^Jr : [(73+ C4+fct'4+fc+ Cs+fcys+ftjs^ 
C4+fe/0 


fc + 1 


fc + 3 





(S^)r' (2n > 4) 


[5jr' : [e3 + c^-ieM-i]s, 


/i-4 


^ — 3 





(5^)'"' (2n > 6) 




3 


4 


1 


{S^f+'-' (2n>6) 
for 2 < A; < - 4 


[S'm]'+'='^ : [64 + C4+ke4+k]s,, 
C4-|.fe 7^ for 2 < fc < /i — 5 


fc + 2 


fc + 3 


1 


for 2 < fc < ^ - 4 


[5'^]'+'=''= : [6l4+fc]s^ for 2 < fc < M - 4 


fc + 3 


fc + 3 


fc 


(5^)'^ (2n > 6) 








00 



Table 2. Classification of symplectic S*^ singularities. 

cod - codimension of the classes; symplectic multiplicity; 

ind - index of isotropness. 



distinguished geometrically (see section I4.4p and by relative Lagrangian tangency 
order - L2:i defined in section l473l fremark I4.8p . The classes (5*^)1 have i2:i = x~ 
and the classes (5^)^, have i2:i ~ j~ "^^^^re = 1 for even /i and = 2 for odd 

Theorem 12. 5[ Theorem 14.41 and Proposition 14.31 imply the following statement. 

Proposition 4.5. The classes {S^Y'^ are symplectic singularity classes, i.e. they 
are closed with respect to the action of the group of symplectomorphisms. The class 
(S^) is the disjoint union of the classes (S^Y'^ . The classes (S^)'^, iSf_i)2 {S^Yr 
for 1 < i < /i — 4 are non-empty for any dimension 2n > A of the symplectic space; 
the classes {Sf^Y'^ for 3 < z < — 2 and {S^Y'^~^ foi" 5 < i < fi — 1 and {Sf_i)'^ are 
empty if n = 2 and not empty ifn>3. 

4.2. Symplectic normal forms. Proof of Theorem 14.11 Let us transfer the 
normal forms [S'/^]*'-' to symplectic normal forms using Theorem 12. 121 i.e. realizing 
the algorithm in section [2] Fix a family o;'^-' of symplectic forms on R^" realizing 
the family [5'^]*'-' of algebraic restrictions. We can fix, for example 

w° = 6*1 + C262 + C3(?3 + dx2 A dx4 + J27=3 dx2i~i A dx2i; 

ui2^ 02 + c^^^ + Ci+k^i+k + dxl^dx^ + Y,l='id,^■2^-l^dx2i, C4+fc7^0, l<fc<^-5; 
1^2^"^ =82 + c^9^ + c^9^ + dxi A dx4 + X^Ls dx2i-i A dx2i, c^c^ = 0; 
0;^+''= 6*3+ 04+^6*4+^+ C5+fe6'5+fe+ X]r=2 '^^2i-i A da;2i, 04+^7^0, l<fc</i-6; 
a;^-4= 6)3 + c,,_i6'^_i + dxi A dx3 + X^La d-X2i-i A dx2i; 
a;3^i= C404+ 05 + X^j^i dxi A dXi+3+ J2"=4 dx2i-i A dx2i; 

^2+fe,i= 64+ C4+k04+k+J2^i^idXi A dxi+3+J2'^^4dx2i-i Adx2t, 2<k<fj,-A; 
^3+fe,fe ^ 0^^^ ^ ^3^^ ^ ^^^^^ ^^^^ ^2;2»-i A dx2^, 2<k<fi-A; 

UJ^ = Y.i=i dxi A (ia;i_|-3 + YJi=4 dx2i-i A (ia::2j- 
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Let cj ~ X]i=i '^Pi ^ '^li^ where (pi, gi, • • • ,pn,qn) is the coordmate system on 
K^", n > 3 (resp. n — 2). Fix a family of local diffeomorphisms which bring the 
family of symplectic forms w*'^ to the symplectic form u: ($*'-' )*cj''-' — uj. Consider 
the families S'^'-' — ($*'-')~^(S'p). Any stratified submanifold of the symplectic space 
(R^",aj) which is diffeomorphic to S*^ is symplectically equivalent to one and only 
one of the normal forms S'^'-' presented in Thcorcm l4.1l By Theorem 14.41 we obtain 
that parameters Ci of the normal forms arc moduli. 

4.3. Distinguishing symplectic classes of Sp, by Lagrangian tangency or- 
ders. Lagrangian tangency orders will be used to obtain a more detailed classifi- 
cation of (5*^). A curve N G (S*^) may be described as a union of two invariant 
components Ci and C2. Ci is diffeomorphic to Ai singularity and consists of two 
parametrical branches Bi-i- and C'2 is diffeomorphic to v4^_4 singularity and 

consists of one parametric branch if /i is even number and consists of two branches 
B2+ and B2- if n is odd number. The parametrization of these branches is given 
in the second column of Table [3] or Table S) To distinguish the classes of this 
singularity completely we need following three invariants: 

• Lt{N)^ Lt{Ci,C2) 

• Li = Lt{Ci) = max(min{t(Si+,L),<(Si_,L)}) 

• L2 = Lt{C2) 

where L is a smooth Lagrangian submanifold of the symplectic space. 

Considering the triples {Lt{N), Li, L2) we obtain detailed classification of sym- 
plectic singularities of S*^. Some subclasses appear (see Table [3] and S]) having a 
natural geometric interpretation (Table [5]). 

Theorem 4.6. A stratified submanifold N S (S^) of a symplectic space (M^",w) 
with the canonical coordinates (pi, qi, ■ • ■ ,Pn,cin) is symplectically equivalent to one 
and only one of the curves presented in the second column of Tahle\^ or^ The pa- 
rameters Ci are moduli. The Lagrangian tangency orders of the curve are presented 
in the fifth, the sixth and the seventh column of these tables and the codimension of 
the classes is given in the fourth column. 



Remark 4.7. The numbers Li and L2 can be easily calculated knowing Lagrangian 
tangency orders for Ai and A^_4 singularities (see Table 2 in |DT] ) or by direct 
applying the definition of the Lagrangian tangency order and finding the nearest 
Lagrangian submanifold to components. Next we calculate Lt{N) by definition 
knowing that it can not be greater than min(Li,L2)- 

We can compute Li using the algebraic restrictions [w^'^Jci where the space 
[^^(R^")]^! is spanned only by the algebraic restriction to Ci of the 2-form 6*3. For 
example for the class [S^)^ we have [Oi + C2O2 + C39^]c^ = [ca^sjci and thus Li ~ 1 
when C3 7^ and Li = 00 when C3 = 0. 

We can compute L2 using the algebraic restrictions [w'-^Jca where the space 
[Z'^(R^")]c'2 is spanned only by the algebraic restrictions to C2 of the 2-forms 
9\, 64+k tor k — 1, 2, ... , For example for the class (S'^)" we have [^1 -|-C26'2 + 
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Class 


Parametrization of branches 
Bi± and C2 


Conditions 
for subclasses 


cod 


Lt(7V) 


Li 


L2 


2n > 4 


(t,0, ±t, -C3t,0, •■•) 

(r, t\ 0, C2i^ - C3f'', 0, ■ • • ) 


C3 / 





1 


1 


r 


C3 =0 


1 


2 


00 


r 


(5^)2* 
2n > 4 


{t,0,±t,C3t,0,- ■ ■) 

(o,^^^^^^2+2^o,■.■) 


Ci+k ■ csj^O 


k 


1 


1 


r+2k 


C3 = 0, C4+fc 


k+1 


2 


00 


r+2k 


2n > 4 


(t,0,±t,C3t,0,---) 

(0,f^t'-,f2it2'-,0,...) 


C3 y^O 


M-4 


1 


1 


00 


C3 = 


/i — 3 


2 


00 


00 


2n > 4 


(t,±t,0, 0, ■■■) 

(t'',0,(c4t*+cst*t')r+"=,t',0,---) 


Cfe+4 / 

1< fc < yU- 6 


fc+1 


1 


1 


r+2k 


2n>4 


(t,±t,0,0,---) 

(^^o,c^_l^3'^-^^^o,•••) 


C^^-l ^ 


/i-4 


1 


1 


3r-4 


= 


/i— 3 


1 


1 


00 


2n > 6 


(t,0, ±i,0,0, •••) 

(^^i^^o,-c4^'■+^^^o,•••) 




3 


r + 2 


00 


r + 2 


2n > 6 


(t,o, ±t, 0,0,0, •••) 

r, ,0. r+^.t^.o.---) 


C4+k / 

2<k < 11- 5 


fc+2 


r + 2 


00 


r+2k 


A' = /i - i 


/y-2 


r + 2 




DC 


2n > 6 


(t,0,±t,0,0,0, •••) 

(r,^^,o,o,^^G,o,•■•) 


2<k<n-5 


k+3 


r + 2k 


00 


r + 2k 


k = n-4 


M-1 


3r - 2 


00 


00 


2n > 6 


(t,0, ±f,0,0, •••) 

(r,o,o,o,t2,o,---) 






00 


00 


00 



Table 3 . Lagrangian tangency orders for symplectic classes of 5^ sin- 
gularity even). 



c^()z\C2 — [^i]c2 ^iiid thus L2 = — 3 if /i is an even number and L2 — ^^-^ if /i is 
an odd number. 

Lt{N) < 1 = min(Li, L2) when C3 ^ 0. Applying the definition of Lt{N) we find 
the smooth Lagrangian submanifold L described by the conditions: pi = 0, i G 
{1, . . . , n} and we get Lt{N) > t{N, L) = 1 in this case. 

If C3 = then Lt{N) < L2 ~ min(Li, L2), but applying the definition of Lt{N) 
we have t{N, L) < 2 (resp. t{N, L) < 1) for all Lagrangian submanifolds L. For L 
described by the conditions: qt = 0, ? £ {1, . . . , n} we get Lt(N) = t{N, L) = 2 if 
/X is an even number and Lt{N) = t{N, L) = 1 if is an odd number. 

Remark 4.8. We are not able to distinguish some classes {81^)2 and (S'^^)* by the 
triples {Lt{N), Li, L2) but we can do it using relative Lagrangian tangency orders. 

We define L2:i = Lt[C2 : Bi±] = max(Lt[C2 : Bi+], Lt[C2 : Bi-]). 

Since branches Bi+ and Bi_ are smooth curves then Lt{Bi+) = Lt{Bi-) = 00 and 
1^2:1 = max(t(C2, i)) where L is a smooth Lagrangian submanifold containing Bi+ 

or 

Considering such smooth Lagrangian submanifolds we obtain L2:i = for the 
classes {8^)2 and 1^2:1 = for the classes [3^)1. (A^ = 1 for even fj, and Xn = 2 
for odd /u). 
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Class 


Parametrization of branches 
Bi± and B2± 


Conditions 
for subclasses 


cod 




Li 


L2 




(t,0,±t,-C3t,0, ■■■) 


C3 7^0 





1 


1 


r 
2 


2n > 4 


(±rf, ;,0,C2t2TC3t*,0,---) 


C3 =0 


1 


1 


oo 


r 
2 




(t,0,±t,C3t,0,---) 


C4+fe ■ C3 / 


fc 


1 


1 


§+fc 


2n > 4 


(o,^,±^5,^^l+^o,■•■) 


C3 = 0, C4+*: ^ 


k + 1 


1 


oo 






(t,0,±t,C3t,0,---) 


C3 


/i-4 


1 


1 


oo 


2n > 4 


(o,t,rf,^r,o,---) 


C3 = 


/i— 3 


1 


oo 


oo 




(i,±i,0,0,---) 


Cfc+4 / 




1 


1 


§+fc 


2n > 4 


(±ti 0,±(c4t*+c5+*f)t5+''', A 0,- • • ) 


1< it < /i- 6 












(i,±i,0,0,---) 


c^-i / 


/i-4 


1 


1 


3r o 
2 ^ 


2n > 4 


(±ti,0,±c^-it^,t,0, ■••) 


c^_i = 


/i— 3 


1 


1 


OO 




(t,0,±t,0,0,---) 




3 


i + 1 


oo 


i + 1 


2n > 6 


(±^i,i^^o,TC4^'^^,^,o,•••) 












2n > 6 


(t,0,±t,0,0,0, ■•■) 
(di^,24±^,0,Tt^,A0,---) 


C4+fc / 

2< fc < 5 


A; + 2 


i + 1 


oo 


i+fc 






= /i - 4 


/i-2 


i + 1 


oo 


OO 




(t,0,±t,0,0,0, ■•■) 


2< < 5 


fc+3 


i + fc 


oo 


i+fc 


2n > 6 


(±ti,^,0,0,f,0,0,---) 


fc = - 4 




|r-l 


oo 


oo 




(t,0,±t,0,0,---) 






oo 


oo 


oo 


2n > 6 


(±t5,0,0,0,t,0, •■•) 













Table 4. Lagrangian tangency orders for symplectic classes of 5^ sin- 
gularity (/i odd). 



4.4. Geometric conditions for the classes {Sf^Y'K The classes (5^)*'-' can be 
distinguished geometrically, without using any local coordinate system. 

Let N £ (S^). Then N is the union of two singular 1-dimensional irreducible 
components diffeomorphic to Ai and A^^-^ singularities. In local coordinates they 
have the form 

Ci = {xl -xj^O, X>3 = 0}, 

C2 = {xl - Xg^^ = 0, X2 = X>4 = 0}. 

Denote by the tangent lines at to the branches Si+ and Bi- respectively. 

These lines span a 2-space Pi . Denote by £2 the tangent line at to the component 
C2 and let P2 be 2-space tangent at to component C2. Define line £3 = Pi P2- 
The lines £i±,£2 span a 3-space W — W{N). Equivalcntly W is the tangent space 
at to some (and then any) non-singular 3-manifold containing N. The classes 
{S^Y'^ satisfy special conditions in terms of the restriction uj\w, where oj is the 
symplectic form. For N = S^j, = (|4.ip it is easy to calculate 

(4.4) £i± — span(9/9a;i ± 8/8x2), £2 — span(9/9a;3), ^3 = span(9/9a;i). 

Theorem 4.9. A stratified submanifold N G {Sp,) of a symplectic space (R^",w) 
belongs to the class (5^^)*'-' if and only if the couple (N,uj) satisfies corresponding 
conditions in the last column of Table O 
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Class 


Normal form 


Geometric conditions 








[Sf,]°o ■■ [01+C292 +C3e3]s^ 


Ljj\ij_^+ti_ 7^ and none of components is 
contained in a Lagrangian submanifold 


[S,^l : [Oi+C2e2]s, 


w = (so component Ci is con- 
tained in a Lagraugiau sul)uiaiiif(jl<l) 






^U2+e3 = but ^ 




[S^]2' [^'2+C3^3+C4+fc04+fc]s,^ 

C3 • C4+k ^Oforl<A;<// — 5 


ujU,++e,_ ^ and L2 = li^ 


[S^^]2,L^=oo■ [^2+C4+fc^4+fc]s^ 

C4+fc ^Oforl</c<;u — 5 


i^Ui++ei- = (so component C\ is con- 
tained in a Lagrangian submanifold) and 




[S,]r* ■.le2+C303]s,,C3^O 


and component C2 is con- 
tained in a Lagrangian submanifold 


[s^]r' ■■[02+cMs, 


= 0, both components are con- 
tained in Lagrangian submanifolds 






'^k2+<3 = and uj\t^^+t2 = 
but Lo\i^^+i^_ / 




[S,]l+': 

[03 +C4+k04i-k +C5+fc^&ffc]5^ 

C4+k 7^ for 1 < fc < ^ — 6 


none of components is contained in a La- 
grangian submanifold and L2 = 2i2^ 




[S^]r^ : {03+c^-i0^-i]s^ 

C^-l 


none of components is contained in a La- 
grangian submanifold and L2 = 


[S^V ■■ I03]s, 


component C2 is contained in Lagrangian 
submanifolds 






uj\w = and component Ci is contained 
in a Lagrangian submanifold 




[S^]"'' : [C4^4+^6]S^ 


L2 = ^ and Lt{N) = ^ 




[5^]'+'='' : [04 + C4+k04+k]3^ 

C4+k 7^ and 2 < fc < /i — 5 


L2 = 4^ and Lt{N) = ^ 


[S^f-'"'^ : [04 + c0^]s^ 


both components are contained in Lar 
grangian submanifolds and Lt{N) = 




[S,f+'-'' : [04+kW 
2<k<n-b 


L2 = 4^ and Lt{N) = ^ 


[s,r-^ ■■ [0,]s, 


both components are contained in La- 
grangian submanifolds and Lt{N) = 




[s,r ■■ [OK 


both components are contained in the 
same Lagrangian submanifold 



Table 5. Geometric interpretation of singularity classes of S*^; W - the 
tangent space to a non-singular 3-dimensional manifold in (R^"-'',a;) 
containing N € {S^), A^^ = 1 for even n and = 2 for odd /n. 
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Proof of Theorem \4.9\ The conditions on the pair (uj^N) in the last cohimn of 
Table [5] are disjoint. It suffices to prove that these conditions the row of (S'^)''-', 
are satisfied for any N £ {S^Y'^ . This is a corollary of the following claims: 

1. Each of the conditions in the last column of Table [5] is invariant with respect to 
the action of the group of diffeomorphisms in the space of pairs {uj,N); 

2. Each of these conditions depends only on the algebraic restriction [wJat; 

3. Take the simplest 2-forms a;''-' representing the normal forms [S'^]''-' for algebraic 
restrictions. The pair (w = w*'^ , S*^) satisfies the condition in the last column of 
Table [3 the row of (5^)*'^. 

The first statement is obvious, the second one follows from Lemma 12.71 
To prove the third statement we note that in the case N — Sfj, = (|4.ip one has 
W = span(9/i9a;i, i9/9a;2, 8/8x3) and £i± = spa,n{8/8xi±8/8x2), £2 = spa.n{8 / 8x3) , 
£3 = span(9/i9a;i). By simply calculation and observation of Lagrangian tangency 
orders we obtain that the conditions in the last column of TableO the row of (S'/i )*'-' 
are satisfied. 

□ 

4.5. Proof of the theorem 14. 4i 

Proof. In our proof we use vector fields tangent to iV e S^. Any vector fields 
tangent to TV G S'p may be described as V ^ giE + where E is the Euler 
vector field and 71 is the Hamiltonian vector field and (71,(72 are functions. It was 
shown in |DT] (Prop. 6. 13) that the action of the Hamiltonian vector field on any 
1-dimensional complete intersection is trivial. 

The germ of a vector field tangent to of non trivial action on algebraic re- 
striction of closed 2-forms to may be described as a linear combination germs of 
the following vector fields: Xq = E, Xi = xiE, X2 — X2E, X3 — x^E, X1+2 — xi^E 
for 1 <l </i — 3, where E is the Euler vector field E = Yl\=i \xi8/8xi and are 
weights for Xj. 

Proposition 4.10. When fi is an even number then the infinitesimal action of 
germs of quasi-homogeneous vector fields tangent to N on the basis of the vector 
space of algebraic restrictions of closed 2-forms to N is presented in Table\Si 





[di] 


[02] 


IN 


[^4] 


[Bi+k] forO<k<r 


Xo = E 




(r + 2)[e2] 




(2r + 2)[e4] 


(r+2(fc-hi))[e4+fe] 


Xi=xiE 


[0] 


-{r+2)[e4] 


[0] 


[0] 


[0] 


X2=X2E 


-r[94] 


[0] 


'2 


[0] 


[0] 


X3=X3E 




[0] 


r[e4] 


[0] 


{r + 2{k + 2))[es+k] 


Xi+2=x'3E 

l< r-k 


{r+2l + 2)[e^] 


[0] 


[0] 


[0] 


{r + 2{k + l + l))[e^^] 


Xi+2 = xl^E 
r—k <l< r—l 


{r+2l + 2)[e^] 


[0] 


[0] 


[0] 


[0] 



Table 6. Infinitesimal actions on algebraic restrictions of closed 
2-forms to 5*^. E — — 3)xi8/8xi — 3)x28/dx2 -f 2x38/8x3 
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Remark 4.11. When /i is an odd number we obtain a very similar table , we only 
have to divide by 2 all coefficients in Table El The next part of the proof is written 
for even fi. In the case of odd /i we repeat the same scheme. 

Let A = [J2'i=i be the algebraic restriction of a symplectic form oj. 

The first statement of Theorem 14.41 follows from the following lemmas. 

Lemma 4.12. // ci ^ then the algebraic restriction A — [^'i^iCi0i]Sf^ can be 
reduced by a symmetry of to an algebraic restriction [9i + 02^2 + C303]sj^. 

Proof of Lemma \4-12\ We use the homotopy method to prove that A is diffeomor- 
phic to [Oi + C2O2 + ^a^als^. Let Bt - [ciOi + 0262 + €363 + {I - t) J^La 
for t e [0; 1]. Then Bq = A and Bi = [ci9i + €202 + C393]s^- We prove that there 
exists a family $t S Symm{S^), t G [0; 1] such that 

(4.5) $,*fit = f^o, $0 = id. 

Let Vt be a vector field defined by ^ = Vt{^t)- Then differentiating (|4.5p we 
obtain 

A" 

(4.6) £v,Bt^[Y,ci0i]- 

We are looking for Vt in the form Vt = J2k=i bk{t)Xk where bk{t) ioi k — I, . . . , fi — 2 
are smooth functions &fe : [0; 1] — > M. Then by Proposition 14. 101 equation (|4.6p has 
a form 



(4.7) 



-(r + 2)c2 


— rci 


rc'i 




















C4 








{r + 4)ci 
















b2(t) 




C5 








{l~t){r + 6)cs (r- 


f6)ci 













hit) 




C6 

































{l-t){r + 2k)ck+2 




(r + 2fc)ci 










bk+i(t) 




Cfc+3 






























-^C3 


3(l-t)rc^_i 




3(l-f)rc^_fofi 




3rci 




h-2{t)_ 




. Cm . 



If ci ^ we can solve (|4.7p . 

We obtain 63 (t) = ^^^^^^^ and we may choose any bi. 

Other functions bk are determined by that choice. 

Let 61 (t) = 0. This imply 62 (i) = ISi!lgK£4 ^ _ 

Next b,(t) = - ^C563(i), hit) = - ^(C663(0 + cMt)), 

consequently bk+i{t) = (r+2k)ci ~ S/=3 Ck+5-ibiit) for fc < /i - 3, 
and eventually 6^-2(0 = ^ + ^C3b2{t) - Yj'iZ3 c^,+2-ihi{t). 

Diffeomorphisms $f may be obtained as a flow of vector field Vt- The family 
$t preserves 5'^, because Vt is tangent to 5^ and ^^Bt — A. Using the homotopy 
arguments we have A diffeomorphic to Bi — [ci^i +02(^2 +23^3)5^^ . By the condition 
ci ^ we have a diffeomorphism ^ G Symm{S^) of the form 

r r 2 

(4.8) * : (a;i,X2,a;3) ^ (cj ""^^xi^c^ ''+'2:2,01 '■+'a;3) 
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and we obtain 



[^1 



Cl 



C3C1 '■+^03]S, 



[6'l+C26l2 + C36'3]s,,- 



□ 



Lemma 4.13. // ci = and C2 7^ and 04+/^ 7^ and q = /or 5 < ^ < 4 + fc 

then the algebraic restriction A ~ Er=i c;^;]s^ can 6e reduced by a symmetry of 
to an algebraic restriction [62 + ^zO'i + -\'C4^+kdi+k\s^- 



Proof of Lemma |^. J j'[ We use similar methods as above to prove that lemma. 

If Cl = and C2 ^ and c^+k 7^ and c; = for 5 < Z < 4 + fc then A = 

[C2O2 + C303 + Cidi + Et4+fc c;0i]s,- 

Let Bt = [C2^2 + 23^3 + (1 - t)c4^4 + Ci+kOi+k + {l-t) Er=5+fe ci^ils, for t e [0; 1]. 
Then Bi^ — A and Bi = [026*2 + 036*3 + 04+^6*4+^)5^ ■ We prove that there exists a 
family $t S Symm{S^), t G [0; 1] such that 



(4.9) 



Let Vt be a vector field defined by = Vf($t). Then differentiating 
obtain 



we 



(4.10) 



i=5+fc 



We are looking for Vt in the form Vt — J2k=i^k{t)Xk where bk{t) are smooth 



functions bk : [0; 1] 
(|4.10l) has a form 



for fc = 1, . . . , /i — 2. Then by Proposition 14 . 1 01 eg uation 



(4.11) 



-(r + 2)c2 




rc3 
(r- + 2fc + 4)cfc_Hi 



: •• • 

'^C3 3(l-t)rc,,_i •••3rcfc440- 



61 (i) 

b2(t) 

b3(t) 



Dm -2 



C4 
Cfc+5 



If C2 7^ we can solve (|4.11|) . Diffeomorphisms $t may be obtained as a flow 
of vector field Vt- The family <i>t preserves S"^, because Vt is tangent to S'^ and 
<i>tSt = A. Using the homotopy arguments we have that A is diffeomorphic to 
Bi — [C2O2 + C363 + C4+kOi+k]Sf^ ■ By the condition C2 7^ we have a diffeomorphism 
^' G Symm{S ^j) of the form 



(4.12) 

and we obtain 
■^*{Bi) ^ [62 



{xi,X2,X3) h-> (C2 '■'*^'xi,C2 '■+'X2,C2 X3) 



C-iC^ 



% + C4+fcC2 ^'^'■+'^04+fc]s, = [02 +?3^^3 



C4+fc0. 



□ 



Lemma 4.14. If ci — and C2 7^ and C4+fe = /or A; G {1, /z — 5} i/ien i/ie 
algebraic restriction A = [X]r=i "^'^'l^f, can 6e reduced by a symmetry of to an 
algebraic restriction [62 + C363 + c^^^Js^ where c^Cf^ =^ . 
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Proof of Lemma \4-14\ We use analogical methods as in the proof of the previous 
lemma. Now A = [026*2 + €3^3 + caOa + c^6'^]s^. 

When C3 ^ let Bt = [0262 + csds + (1 - t)c4^4 + (1 - t)c^O^]s^ for t e [0; 1]. 
Then Bq — A and Bi = [c292 + 03^3)5^ ■ We prove that there exists a family 
<i>t e Symm{S^), t e [0; 1] such that 

(4.13) ^Bo,^o^ id. 

Let Vt be a vector field defined by ^ = Vt{<^t)- Then differentiating (|4T3l) we 
obtain 

(4.14) Cv,Bt = [ci9i + c^,e^]s^. 

We are looking for Vt in the form = ^fe-'^fc where &fc e R. Then by 

Proposition 14. 101 equation (|4.14p has a form 

C4 

If C3 7^ we can solve (|4.15p and $f may be obtained as a flow of vector field Vt- 
The family $t preserves 5^, because Vt is tangent to S"^ and = A. Using the 

homotopy arguments we have that A is diffeomorphic to Bi ~ [026*2 + C36'3]5^. By 
the condition C2 7^ we have a diffeomorphism 5* G Symm{Sf^) of the form 

r r 2 

(4.16) * : (a;i,X2,a;3) (cg "^'xijCj '■+'x2,C2 "^'a;3) 

and we obtain 

**(i3l) - [^2 +C3C2"^03]5, = [^2 + C303]S,- 

In the case C3 = we take Bt — [C2S2 + (1 ^ 1)0^64^ + c^Ofj\s^ for t S [0; 1] and we 
can solve only the first equation of (I4.15p . Using the homotopy arguments we have 
that A is diffeomorphic to Bi = [026*2 + Cf^9fj]s^. Using the diffeomorphism (|4.16p 
we obtain 

**(Si) = [O2 + c^c^^'o,,]s^ = [02 + c,,e^]s^. 

□ 

Lemma 4.15. If ci ~ and C2 — and c^Ci+k 7^ and ci — Q for 5 < Z < 4 + fc 

then the algebraic restriction A — [Zlii=i ciOi\s^ can be reduced by a symmetry of 
to an algebraic restriction [6^ + C4+fc^4+fc + +C5+fe05+fc]s,, • 

Proof of Lemma \4-.15\ If ci = 0,C2 — and C3 ^ and Ci+k ^ and q = for 
5<l<A + k then A = [C36I3 + C46I4 + Ei=A+k ciOi]s^ ■ 

Let Bt = [c393 + {l-t)c494 + C4+k94+k + J2i=5+k^i{tWi]s, fort e [0; 1] whereQ(t) 
are smooth functions ci{t) : [0; 1] R such that q(0) = q. Then Bq — A and 

Bi = [C303 + c4+k04+k + EU+k^imw- 

Let <i>t, i e [0; 1], be the flow of the vector field V = f^^s- We show that there 
exist functions q such that 



(4.15) 



-(r + 2)c2 




U rc3 

-^C3 



61 
63 



(4.17) 



^*tBt = So, $0 = id. 
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Then differentiating ()4.17|) we obtain 

(4.18) LyBt^\c,B,- ^ei]s^. 

l=5+k 

We can find the q as solutions of the system of first order hnear ODEs defined by 
(|4.18l) with the initial data c;(0) = q for I — 5 + k, . . . , fj.. This implies that Bq ~ A 
and Bi = [C3O3 + Ci+kdi+k + J2i=5+k^iW^^]s^, are diffeomorphic. Denote c/ = c/(l) 
for Z = 5 + fc, . . . , /i. 

Next let Ct = [0363 + a+kOi+k + c^+kO^+k + (1 - T.L&+k ^Ms,. for t e [0; 1]. 

Then Cq = Bi and Ci = [036*3 + C4+k04+k + C5+k05+k]s^- 

We prove that there exists a family Tt G Symm{S^)^ t E [0; 1] such that 

(4.19) T;Ct = Co, To = id. 

Let Vt be a vector field defined by = Vt{Tt). Then differentiating (pi^ we 
obtain 

(4.20) Cv.Bt = [ J2 

l=6+k 

We are looking for Vt in the form Vt = J2k=4 ^k{t)Xk where bk{t) are smooth 
functions bk : [0; 1] — >■ M for fc = 4, . . . , /z — 2. Then by Proposition 14. 101 equation 
(|4.20p has a form 





' {r + 2k + 6)chH 


0' 








Cfe+6 




(r + 2fc + 8)cfc46 (r + 2fc + 8)cfc44 







bsit) 




Cfe+7 


(4.21) 














: : ■•. 















_3r(l-t)c^_i 3rcp_2(l-i) • ■ • 3ra+4 • • 


• 0. 




b^-2(t)_ 







If C4+fe ^ we can solve (|4.21l) and Tt may be obtained as a fiow of vector field 
Vt- The family Tj preserves S"^, because Vt is tangent to 5'^ and T^Ct = Cq = 
Si. Using the homotopy arguments we have that A is diffeomorphic to Bi and 
Bi is diffeomorphic to Ci. By the condition C3 ^ we have a diffeomorphism 
^' G Symm{S^) of the form 

(4.22) (a;i,a;2,a;3) (|c3r^a;i, |c3|"5a;2, |c3|~-a;3) 

and we obtain 



^*{Ci) = [- r6'3 + C4+fe6'4+fc + C5+fe05+fe]s„ = [sgn{c3)93 + C^+kOA+k + C5+k0b+k\s ^■ 

By the following symmetry of 5*^: {xi, X2, X3) i~> (— a;i, X2, x^), we have that [— ^3 + 
Ci+kO^+k +C5+k05+k]s^ is diffeomorphic to [6*3 -c^+k^i+k -C5+k05+k]s^,- 

□ 

Lemma 4.16. // ci = and C2 ~ and C3 7^ and q = /or 5 < / < /i — 1 i/ien 
the algebraic restriction A = [J2'i=i'^'i^i\sii '^^''^ reduced by a symmetry of to 
an algebraic restriction [63 + c^-i^^^^-ijsj, . 
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Proof of Lemma \4-.16\ The prove of this lemma is very similar to previous case. It 
sufBces to notice that if C3 7^ we can solve the following equation 



(4.23) 



U rc3 

o 2 

-^C3 3rc^_i 









C4 











□ 



Lemma 4.17. // Ci = C2 = C3 = and c^+k 7^ and q = for h <l < A + k then 
the algebraic restriction A = [X]r=i "^'^'Is^ '-'^^ reduced by a symmetry of to 
an algebraic restriction [04^4 + C4-i-kd4+k]s^- 

Proof of Lemma \4-l'A We use similar methods as above to prove that lemma. In 
this case ^= [c464+Y.'i=4+k ^i^i]s^- LetBt= [c46l4+C4+fe6'4+fe+(l-i) LLs+fc c/6';]s^ 
for t e [0; 1]. Then Bo — A and Bi = [046*4 + C4+k04+k]s^- We prove that there 
exists a family $( e Symm{S^j), t E [0; 1] such that 

(4.24) ^;Bt = Bo, $0 = 

Let Vt be a vector field defined by ^ = Vt{^t)- Then differentiating (1424)) we 
obtain 

(4.25) Cv.Bt 



/=5+fc 



We are looking for Vt in the form Vt — J2k=3^kit)Xk where hk{t) are smooth 
functions 6^ : [0; 1] ^> M for fc = 3, . . . , — 2. Then by Proposition 14. 101 equation 
(|4.25l) has a form 



(4.26) 



(r + 2/c + 4)cfe44 

(r- + 2fc+6)cfe-+5(l -t) (r + 2fc + 6)cft44 

3rc^_i(l-t) 3rc^_2(l - t) ■ • ■ 





3rCfc+4 ■ 



b-At) 
6M-2(i), 



Cfc+5 
Cfc+6 



If C4+k 7^ we can solve (j4.26p and $t may be obtained as a flow of vector field V*. 
The family $t preserves 5*^, because Vt is tangent to 5^ and — A. Using the 

honiotopy arguments we have that A is diffeomorphic to Bi ~ [04^4 + C4+k(^4+k]s^ ■ 

When C4 ^ we have a diffeomorphism 5* G Symm{Sfj) of the form 

(4.27) ^' : (a;i,a;2,a;3) (|c4r^a;i, |c4r^a;2, |c4r5;^a;3) 
and we obtain 

^*{Bi) = [S571(C4)6I4 +C4+fe|c4r'^^^'6'4+fc]s^ [±e4, + C4+k04+k]s^- 

By the following symmetry of 5*^: (a;i, 2:2, 2:3) 1— > (— xi, X2, 2:3), we have that [—64 + 

C4+A;6'4+fe]s^ is diffcOmOrphic to [6*4 - C4+A;6'4+A:]s^- 

When C4+fe 7^ then we may use a diffeomorphism G Symm{S ^) of the form 

(4.28) ~ ~ ~ 



*i : (a;i,X2,a;3) ^ (04+^"+'-+' xi, 04+'^+-+' 2:2, c^+^'+^+'xa) 



and we obtain 



[C4C^+k P4 



C4f4 



74+feJS„ 
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□ 

Statement {ii) of Theorem 14.41 follows from Theorem 14.91 

(iii) Now we prove that the parameters Ci are moduli in the normal forms. The 
proofs are very similar in all cases. We consider as an example the normal form with 
two parameters [9i + C2O2 + 236*3] 5^^. From Table [6] we see that the tangent space 
to the orbit of [9i + C2O2 + cs^ajs^ at [9i + C2O2 + czOz]s^ is spanned by the linearly 
independent algebraic restrictions [rOi + rc292 + 2c36'3]s^, [6*415^, [^b]s^,- ■ ■ , [Oti]s^- 
Hence the algebraic restrictions [6*215^ and [Oz\s^ do not belong to it. Therefore the 
parameters C2 and C3 are independent moduli in the normal form [0i + C202+C3^3]s^- 

Statement {iv) of Theorem 14.41 follows from conditions in the proof of part (i). 

□ 
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